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Noise properties in the Nagel-Schreckenberg traffic model

Shu-ping Chen and Ding-wei Huang
Department of Physics, Chung Yuan Christian University, Chung-li, Taiwan

~Received 6 November 2000; published 21 February 2001!

The jamming transition in the stochastic traffic cellular automaton model of Nagel and Schreckenberg is
examined. The behavior of the power spectrum is analyzed. Numerical results are presented. Satisfactory
analytical approximations are established in both low frequency and high frequency regions. The intrinsic
traffic states are revealed in the middle frequency range. A signature of 1/f noise is observed at the critical
density of the transition.
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I. INTRODUCTION

The cellular automaton approach to traffic flow has
tracted much attention from physicists recently@1#. Instead
of equations, the underlying dynamics is governed by
group of update rules applied at discretized time steps. Th
models are suitable for computer simulations and much
merical work have been reported@2#. Many features ob-
served in real traffic can be captured by a few simple ru
The real time simulation of urban traffic becomes access
@3#. In contrast, only few analytical results are known@4#.
Thus it would be interesting to further study the analytic
properties of these cellular automaton models.

The Nagel-Schreckenberg traffic model is essentiall
model of traffic flow on a single-lane highway@5#. The main
features of traffic flow can be well reproduced, such as
fundamental diagram, backward moving shock waves,
phase separation. As the density increases, traffic j
emerge spontaneously. On crossing a critical density,
transition between free flow and jammed states can be
served, which has been a focus of traffic studies. Sev
attempts have been made to investigate the properties o
transition, such as using the relaxation time@6#, headway
distributions@7#, density correlations@8#, and structure fac-
tors @9#. However, it is still not clear whether the transitio
can be described as a critical phenomenon. In this paper
study the noise properties of the model by analyzing
power spectrum. Numerical results are presented and ana
cal approximations are also established.

In the basic model, the road is divided intoL cells. Each
cell can be either empty or occupied by a car with an inte
speedvP$0,1, . . . ,vmax%, wherevmax is the speed limit. At
each time step, the configuration ofN cars is updated by the
following four rules, which are applied in parallel to all car
The first rule is acceleration. If the speed of a car is low
than vmax, the speed is advanced by 1. The second rul
slowing down due to other cars. If a car hasd empty cells in
front of it and a speed larger thand, the speed is reduced t
d. The third rule is randomization, which introduces a no
to simulate the stochastic driving behavior. The speed o
moving car (v>1) is decreased by 1 with a braking pro
ability p. In the fourth rule, the position of a car is advanc
by its speedv. Iterations over these simple rules already g
realistic results. Real traffic data can be well described by
parametersvmax55 andp50.5, where the length of a cell i
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7.5m and one time step corresponds to approximately 1
@5#. In the following, we will assume these parameters.

II. POWER SPECTRUM

We considerN cars moving on a road ofL sites. As a
periodic boundary condition is assumed, the global den
r5N/L is a conserved quantity. We then study the fluctu
tions of the local density. A small section of the road
designated as the observation post, which has a length oM
sites andM!L. The time seriesS(t) is recorded as the num
ber of cars on the post at timet. The typical behavior of the
time seriesS(t) is shown in Fig. 1. At smallr, the local
density has only a small fluctuation around its average va
i.e., the global density. At larger, the local density can as
sume a large value as traffic jams emerge. A much lar
fluctuation is then observed. The power spectrumP(v) is
defined by the Fourier transform

P~v!5K U 1

T (
t51

T

S~ t !eivtU2L , ~1!

where ^•••& denotes the average over different initial co
figurations andT@1 is the duration of observation. In thi
work, a system ofL5105 andM520 is taken. A time series
of T5104 is recorded with the first 104 discarded; the aver
age is taken over 103 random initial configurations.

A. Low density phase

The typical behavior of the power spectrum at low dens
is shown in Fig. 2. Oscillations with increasing amplitude a
observed in the low frequency region. An abrupt dip fo
lowed by a small hump is observed in the high frequen
region. In between these two ends, a flat distribution is
served.

In the low frequency region, the power spectrum reve
the long range behavior of the system, which is controlled
the global densityr. As r!1, the correlations between ca
can be neglected. Thus the cars can be taken as rand
distributed on the road with an expectation value determi
by the densityr. The expectation value of the number of ca
within M sites is then given by
©2001 The American Physical Society10-1
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^S~ t !&5(
i 50

M

iCi
Mr i~12r!M2 i5Mr, ~2!

where Ci
M5M !/ @ i !( M2 i )! # is the binomial factor. The

equal-time correlation is given by

^S~ t !S~ t !&5(
i 50

M

i 2Ci
Mr i~12r!M2 i5Mr1M ~M21!r2;

~3!

similarly, the different-time correlation is given by

^S~ t !•S~ t8!&5(
i 50

M

(
j 50

M

i j @Ci
Mr i~12r!M2 i #

3@Cj
Mr j~12r!M2 j #

5M2r2. ~4!

Thus the power spectrum is given by

P~v!5
1

T2 K F(
t51

T

S~ t !cosvtG2

1F(
t51

T

S~ t !sinvtG2L
5

1

T
^S~ t !•S~ t !&1

1

T2
^S~ t !•S~ t8!&

3 (
tÞt8

~cosvt cosvt81 sinvt sinvt8!

FIG. 1. Time seriesS(t) at low densityr50.02 ~a! and high
densityr50.2 ~b!.
03611
5
Mr~12r!

T
1

M2r2 sin2~vT/2!

T2 sin2~v/2!
. ~5!

The low frequency part of the numerical results shown
Fig. 2 can be fairly well reproduced by the above analyti
expression. In the very low frequency region,v!1/T, Eq.
~5! saturates at a value ofM2r2. The amplitude of oscilla-
tions is given byM2r2/@T2 sin2(v/2)#, which increases with
decreasingv; the period of oscillations~in frequencyv) is
2p/T. As the frequency increases,v>0.1, the oscillations
diminish and Eq.~5! converges to the valueMr(12r)/T.
However, the numerical results show that the spectrum c
verges to a different value, which can be obtained by
following high frequency approximation.

In the high frequency region, the power spectrum prob
the short range behavior of the system, which is then c
trolled by the length of the observation postM. As the den-
sity is low, each car is expected to drive with the maximu
speedvmax. It takes approximately a time oft15M /vmax to
pass the observation post, i.e., if a car enters the post at
t0, it leaves the post at timet01t1, and gives a signal

S~ t !5H 1, t0,t,t01t1

0 otherwise.
~6!

On average, the temporal separation between two carst2
51/(rvmax). The power spectrum for observing a single c
within the timet2 is then given by

FIG. 2. Power spectrumP(v) at low densityr50.02 ~solid
line!. Analytical approximations for the low frequency region, fro
Eq. ~5!, and the high frequency region, from Eq.~9!, are shown as
the bold gray line and the dotted line, respectively.
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P~v!5F 1

t2
(
t51

t1

cosv~ t1t0!G2

1F 1

t2
(
t51

t1

sinv~ t1t0!G2

;

~7!

we note that the above distribution is independent oft0. As
the cars are taken to be independent of each other, the p
spectrum for a longer timeT can be taken as an incohere
sum of the above expression and is given by

P~v!5
t2

T F 1

t2
(
t51

t1

cosvtG2

1
t2

T F 1

t2
(
t51

t1

sinvtG2

. ~8!

At low frequency,v!1/t1, Eq. ~8! saturates to a value o
(t1)2/(t2 T)5M2r/(Tvmax), which reproduces the numer
cal result. In Fig. 2, we haveM520, vmax55, and r
50.02; thust154 andt2510. The power spectrum reduce
to

P~v!5
2

5T
@cos~v/2!1cos~3v/2!#2. ~9!

The saturated value at low frequency is 8/(5T). The dip is
located at v5p/2;1.57. The hump is located atv
5 cos21(22/3);2.30 with a height ofP(v);0.119/T. It is
interesting to note that without fine tuning the details, e
by considering the effect of random braking, the whole str
ture in the high frequency part including the location of t
dip and the height of the hump can be reproduced quite w

In summary, the power spectrum at low densityr can be
analytically obtained. In the low frequency region, the o
served features are related to the global properties of
system and controlled by the parameterr; in the high fre-
quency region, the local properties determine the obser
structure and the relevant parameter isM. As we are inter-
ested in the transition of traffic states, we shall look into
distributions between these two ends, e.g.,v;0.1 in Fig. 2.
As the observation durationT increases, the oscillations i
the low frequency region will be shifted to still lower fre
quency; while the dip and hump in the high frequency reg
still have the same locations. Thus the power spectrum
be dominated by a flat distribution, which is a characteris
of free flow.

B. High density phase

In contrast, the typical behavior of the power spectrum
the high density phase is shown in Fig. 3. The structure
the dip and hump in the high frequency region can still
observed, but the oscillating behavior at the low frequen
region is strongly suppressed. Between these two ends
power spectrum is significantly enhanced. The flat distri
tion that characterizes free flow can no longer be observ

As the density increases, traffic jams begin to emer
While a car moves forward with various speeds, a w
formed jam moves backward with a fixed speed. The
hancement of the power spectrum can be attributed to
appearance of a single wide jam on the road. To simplify
analytical approximation, we assume a numberJ of cars are
crowded bumper to bumper to form a wide jam and the j
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moves backward with a fixed speed of 1. Then the ti
series becomes

S~ t !55
t2t0 , t0,t,t01M

M , t01M,t,t01J

J1M2t1t0 , t01J,t,t01J1M

0 otherwise,

~10!

where t0 is the time when the jam begins to pass the po
which has a length ofM sites. After carrying out the calcu
lation, the power spectrum can be explicitly expressed a

P~v!5
16

T2v4
sin2~vM /2!sin2~vJ/2!. ~11!

At low frequency, the spectrum saturates to a value
M2J2/T2; at high frequency, it decays like 16 sin2(vM/2)
3(/T2v4), whereJ@M is assumed. In comparison to th
random distribution of Eq.~5!, the appearance of a wide jam
enhances the power spectrum prominently aroundv;p/J
~see Fig. 3!. As the length of the jam increases, the enhan
ment shifts to a lower frequency. In the model, the traffic ja
emerges spontaneously and the length of the jamJ is not a
controlled parameter. With the same global densityr, the
stochastic noise of the model will lead to different sizes
jam even for the same initial configuration. The resulti
distribution, shown in the middle region of Fig. 3, can b

FIG. 3. Power spectrumP(v) at high densityr50.2 ~solid
line!. Analytical approximation for low frequency region is show
as the bold gray line, from Eq.~5!. The contribution from a single
wide jam ofJ5200 is shown as the dotted line, from Eq.~11!.
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taken as an incoherent sum over various weightings of
single-jam result aroundJ5200.

In the above approximation, free moving cars are tota
neglected. Thus neither the very low frequency limit nor t
very high frequency limit of the spectrum can be well d
scribed by Eq.~11!. As mentioned before, the low frequenc
limit is solely determined by the global densityr. Thus the
prediction from Eq.~5! is still valid. The saturated value o
Eq. ~11! will now set a lower cutoff to the oscillating ampli
tude~see Fig. 3!. When one explores the long range prop
ties in the low frequency region, the emergence of a sin
wide jam will strongly reduce the randomness of the syst
and thus lead to suppression of the oscillations.

A simple estimation also shows that only a small fracti
of cars are within the wide jam. For example, whenr50.2
andL5105, only 1% of cars are within the jam ofJ5200;
the remaining 99% of cars are still free moving. Thus, wh
one explores the short range properties in the high freque
region, the characteristic of free flow will still be presen
i.e., the structures of dip and bump can still be observed

As the densityr further increases, more jams emerge. T
oscillations in the low frequency region are somewhat
stored; the characteristic of free flow in the high frequen
region disappears~see Fig. 4!. A multijam configuration be-
comes essential to have a satisfactory approximation of
power spectrum. Assuming a series of well formed ja
moving backward with the same speed, the single-jam
mulation in Eq.~11! can be extended to a multijam config
ration as follows:

FIG. 4. Power spectrumP(v) at high densityr50.5 ~solid
line!. The result from the multijam approximation is shown as t
bold gray line, from Eq.~12!. The contribution from free moving
cars is shown as the dotted line, from Eq.~14!.
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P~v!5
4

T2v4
sin2~vM /2!UN(

j 51

Nj

eivt j~12eivJj !U2

,

~12!

whereNj is the number of jams and the indexj runs over
different jams with lengthJj and passing the post att5t j . A
normalization factorN is introduced to have the correct de
scription of the global densityr, i.e.,

N5rTY (
j 51

Nj

Jj . ~13!

The saturated value in the very low frequency limit is fix
to reproduce the numerical result. The envelope of osci
tions then constitutes a prediction to be compared with
data. Neither the number of jamsNj nor the length of jamsJj
is a conserved quantity. With the simple prescription of u
form fluctuations over̂ Nj&520 and ^Jj&5500 at r50.5,
the typical behavior in Fig. 4 can be fairly well reproduce

In the above approximation, the underestimation in
very high frequency region is due to the neglect of free m
ing cars. To estimate the contribution from the free movi
cars, we adapt the formulation of the low density results
Eq. ~8!. As the density increases, the speeds of cars decr
accordingly. The value oft1, which denotes the time for a
car to pass the post, is expected to increase significantly.
power spectrum is then given by

P~v!5MH F(
t51

t1

cosvtG2

1F(
t51

t1

sinvtG2J
5Msin2~vt1/2!

sin2~v/2!
, ~14!

where the normalization factorM is introduced because
only a fraction of cars are moving freely; the dependence
T and t2 is absorbed into the factorM. With M51/(Tt2),
the above formula reduces to Eq.~8!. In the low frequency
limit, Eq. ~14! saturates to a value ofM(t1)2. In the high
frequency region, oscillations with decreasing amplitude
observed. We simply take the average speed to be 1, in
trast to the maximum speed of 5 in the low density ca
Then the value oft1 becomes 20. The factorM is deter-
mined by fixing the data atv;0.1, around which a chang
of slope is observed. The result is shown in Fig. 4. T
envelope of the oscillations matches the data nicely. If o
further introduces fluctuations over the speed, an incohe
sum is expected. The rapid oscillations of Eq.~14!, resulting
from the numerator sin2(vt1/2), will be smeared out. The
smooth distribution of the data can then be reproduced.

III. DISCUSSION

In this paper, we use the power spectrum to study
noise properties of the Nagel-Schreckenberg traffic mo
Besides the numerical work, analytical approximations ha
also been established. In the low frequency region, the s
trum probes the long range behavior of the system. The m
0-4
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important parameter is the densityr. In the very low fre-
quency limit,v<1024 in a system ofL5105, the spectrum
saturates to a value ofM2r2. As the frequency increase
oscillating behavior is observed. When the density is low,
oscillations can be attributed to the randomness of the
moving cars. As the density increases, a traffic jam begin
emerge. Around the onset of the traffic jam, the first w
jam to emerge significantly reduce the randomness of
system. Thus the oscillating behavior diminishes acco
ingly. As the density increases further, the number of ja
also increases. The randomness of the system is then
hanced. The restored oscillating behavior is now attribute
the randomness of the multijam configurations. The f
quency dependence of these features is directly related to
system size. As the system size increases, the saturate
quency decreases and the oscillating behavior shifts t
lower frequency. Thus for an infinite system such oscillat
behavior can be neglected.

In the high frequency region, the spectrum reveals
short range behavior of the system. The most important
rameter becomes the length of the postM, which provides a

FIG. 5. Power spectrumP(v) for various values of density. The
characteristic slopes of21 and22 are marked by bold gray sec
tions.
e
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cutoff and results in a more rapid drop of the spectru
When the density is low, the speed is high. A car passes
post within a short time and leaves a short pulse to be
served, which results in the interesting signature of the
and hump. As cars drive at the speed limit, the variation
speeds can be neglected. The signals of dip and hump f
different cars are superimposed and become a clear sign
of the power spectrum in the low density phase. As the d
sity increases, the speed decreases and the observed
elongates. The signal of dip and hump appears at a lo
frequency. However, the variation of speeds becomes sig
cant and the structure of dip and hump is smeared out; th
monotonic decrease of the spectrum results in the high d
sity phase. These features are mainly controlled by the len
of the postM and are independent of the system sizeL. As
the system size increases, these features can be observ
the same frequency.

The low and high frequency regions of the power sp
trum reveal structures on the scalesL and M, respectively.
However, we are interested in the intrinsic traffic states t
should be revealed in the middle frequency range, i
aroundv;1021 for a system ofL5105. When the density is
low, a flat distribution is observed, which can be taken
white noise characterizing the free flow. When traffic jam
emerge as the density increases, the power spectrum is
hanced predominantly at the low frequency end, while
high frequency end remains unchanged. Thus the flat di
bution becomes a steeper drop and 1/v2 dependence is ob
served, which characterizes the jammed states. As the
sity increases, the slope of the power spectrum changes
0 to 22, which characterize the randomness of free mov
cars and well formed jams, respectively. It is interesting
note that the change of slope is not gradual, but occurs s
denly at a critical density. Ther dependence of the powe
spectrum is shown in Fig. 5. A clear signature of 1/v depen-
dence, also known as 1/f noise, is observed at the critica
density. In this work, the observed 1/f noise is sustained only
for a decade of the frequency~see Fig. 5!. However, from the
above analysis, it should be clear that the 1/f noise will
become the dominant signature if one further increases
system size. The value of critical density obtained,r;0.08,
is consistent with that from other approaches. We expect
signature could be used as a convincing definition of
transition between free flow and jammed states. 1/f noise
occurs widely in many other systems and is considered to
a mysterious phenomenon. In addition to traffic related pr
lems, further research into the Nagel-Schreckenberg tra
model may lead to a more precise understanding of syst
exhibiting 1/f noise.
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